
Weyl ordering quantum mechanical operators by virtue of the IWWP technique

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1992 J. Phys. A: Math. Gen. 25 3443

(http://iopscience.iop.org/0305-4470/25/11/043)

Download details:

IP Address: 171.66.16.58

The article was downloaded on 01/06/2010 at 16:37

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/25/11
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


1. Phys. A: Math. Gen. 25 (1992) 3443-3447. Printed in the UK 

ADDENDUM 
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Abstract. The properties of Weyl ordered products of operators are investigated and the 
technique of integration within Weyl ordered product (IWWP) is introduced, 'The overcom- 
pleteness relation of the coherent state is then recast into Weyl ordered form. In so doing, 
a new approach for Weyl ordering quantum mechanical operators is presented. 

1. Introduction 

In [l] a convenient approach for normally ordering some multimode exponential 
operators is developed, which is based on the technique of integration within normally 
ordered products of operators (IWNP). Then in [Z] we use the technique of integration 
within antinormally ordered products to present a formalism for antinormally ordering 
exponential operators. There also exists another well known operator ordering rule- 
Weyl ordering-which is closely related to the Weyl quantization rule [3] 

W, Q )  = I/-: dp d 9 f ( p 7  ~ ) A ( P .  4) (1) 

where the quantum operators, F, P and Q correspond to the classical quantities 1; p 
and q, respectively, and A(p, q) is the Wigner operator [4], defined as 

A(p, 9) =' du e-ipY/ q -:)( 9 +:I 2w -m 

d u  du exp[i(q - Q ) o + i ( p  - P)u]  

where[Q, P ] = i ,  h =1,  Q/q)=qlq).Theinversecorrespondenceof(l)isgivenby[3,4] 

(3) f ( p ,  9) =2vTr[F(P,  Q M P ,  9)1. 

For example, the Weyl correspondence operator of 9"'p' is [ 5 ]  

which is in Weyl ordering. An interesting question thus naturally arises: can we find 
a convenient approach for Weyl ordering quantum mechanical operators (especially 
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convenient for operators in Fock space)? The answer is affirmative. In section 2 we 
first introduce the properties of Weyl ordered products of operators, then in section 
3 we recast the overcompleteness relation of the coherent state [6] into Weyl ordered 
form by using the technique of integration within Weyl ordered product (IWWP). On 
the basis of sections 2 and 3 we provide an approach for Weyl ordering quantum 
operators. Some examples showing how Weyl ordered operators can be easily derived 
are given in section 4. 

2. Weyl ordered product of operators and the IWWP technique 

Let the symbol i i  denote the Weyl ordered product; we rewrite (1) as 

( 5 )  : r , n  n\:- r r- _ I _ _ I - r - I -  - , A , -  -, 
:J Ir, VI:= UP U Y  J If', YIWP,  YI J I-, 

which indicates the classical correspondence of a Weyl ordered operator if( P, Q)i can 
be readily obtained by simply replacing Q- q, P + p .  For instance, (4) represents 

Q"-'P'Q' 
m !  

( ; ) m  l = o l ! ( m - l ) !  f 
=(;)mi f m !  Q"-lPrQIi 

f z 0  I ! (  m - I )  ! 
" m !  

=Ij-:dPdq(:) I=o c I ! ( m - I ) !  q"p'A(p, 9) 

= l l ~ m d p d q f p ' A ( p , ~ ! .  (6) 

Using Q=(a+a ' ) /& ,  P=(a-a ' ) /&i ,  where a' and a arecreationandannihilation 
operators in Fock space, satisfying (a ,  a') = 1, we can express ( 5 )  and (2) as 

iG(a,at)i=2 1 d2aG(a , a* )A(a , a* )  G(a,  a*) =fb, 4 )  
J 

a =(q+ ip ) / Jz  (7) 

(8) d2z exp[z(a' - a*) - z*(a -a)]. I A(a, a*) = ( 2 d - I  

The explicit form of A(a, a*) can be derived by using the I W N P  technique [7] 

A(a, a*) ='(2?i2)-' d2z :exp[-flzl'+z(a'- a*) -z (a  - a)]: 

(9) 

I 
= m-' :exp[-2(at-a*)(a -a)]: 

which is in normal ordering. As in [8], we list the properties of the Weyl ordered 
product of operators: 

( i )  The order of Bose operators within a Weyl ordered product can be permuted. 
(ii) C numbers can be taken out of the symbol i as one wishes. 
(iii) The symbol i which is within another symbol i i can be deleted. 
(iv) A Weyl ordered product can be integrated or differentiated with respect to a 

I C-number provided the integration is convergent. 
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(v) From the above and equation ( 5 )  we conclude that the Weyl ordered form of 
NP, 9 )  is 

A ( ~ , q ) = j s ( p - P ) S ( q - Q ) i  

or 

A(n, a*)=fis(a - a ) 6 ( a *  - a' ) i=f i s (a ' -a*)s (a-a) i .  (10) 

Consequently, ( 5 )  and (7) respectively become 

jG(a, a'): = d2aiG(a,  a*)S(a -a )S(a*-a ' ) i .  (12) I 
Taking the correspondence (6) for example, we have 

Note that before we move i i away from jQ"'P'i we must arrange iQ"P'j as 

3. Weyl ordered form of  the overcompleteness relation of coherent state 

In [ l ]  and [2] we have given the normal product form and the antinormal product 
form of the coherent state's overcompleteness relation, respectively. Let l z )  be the 
coherent state, lz)=exp(-11z12+zaT)IO). With use of (3) we can calculate the classical 
correspondence of the projection operator l z ) ( z l ,  e.g. 

2n  Tr[lz)(zlA(a, a*)] = 2 ( z /  :exp[-2(at-a*)(a-a)l:  l z )  

= 2 exp[-2(z*- a*) ( z -  n j ]  (13)  

where the normal product form of A ( q  a*) is exploited. As a result of (12) and (13) 
we obtain the Weyl ordered form of Iz)(zl 

lz ) (z l= 2 I d2a  exp[-2(z*- a*)(z-a) ]$(a ' -  a*)S(a -aji 

= 2jexp[-~(z* - a')(z-aj]i. 

Thus we may recast the overcompleteness relation of 12) into Weyl ordering 

where we have used the mathematical formula 
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4. An approach for Weyl ordering quantum-mechanical operators 

Using (15) we can put the Glauber P-representation of p [6] into Weyl ordered form 

Once the P-representation P ( z )  of a given operator is known, we can obtain its Weyl 
ordered form by performing the integration (16) with the help of IWWP (NOTE that 
P(z)  is directly determined by the operator’s antinormal product form). Taking eh‘’. 
for instance, according to the antinormal product expansion eAoiY = 
e-*~exp[( l -e-”)a’a]~ and (16) we have 

The second example is to put exp(fa’) exp(gat2) into Weyl ordering, from (16) we 
have 

As the last example we consider the rotation operator exp( -iJ,,B), where the angular 
momentum operator is represented by Bose operator J, = (1/2i)(n’b- b’n) (so-called 
Schwinger boson realization) with b and b f  satisfying [b ,  b’] = I ,  b ly )=  y l y )  (we will 
let G(p; p* )  denote the classical correspondence of G ( b ,  b’)) .  The antinormal product 
form of has been derived in [SI, e.g. 

(19) 1 e 0 
, exp 2 sin’- ( a l a +  b’b) -sin- (a ’b -  b’a) . 

[ 4  2 
e - ~ J , 8 = :  

Substituting (19) into the two-mode generalization expression of (161, we have 

e-’J,e = J T e x p [  2 sin’- (/z12+ly12) -sin- 2 ( z * y - y * z )  lzy)(zy~ 1 d2z d2y  0 0 
4 

+ 2 ( z * a  + zat+ y*b + b ’ y -  b’b - a’a)  I 
=sec 2 -.exp 0: [ 

4’  
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which is the Weyl ordered form of exp(-iJ,O). From (7) we can directly obtain the 
classical correspondence of e-",' 

1 2i(q'p-p'q) tan- 4 '] ( p = z ( q , + i p , )  . 1 

In summary, the present work together with [l, 21 have provided convenient 
approaches to Weyl ordering, normally ordering and antinormally ordering operators. 
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